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Abstract

XML to and from relational model. There is a need to develop native XML operations, and especially for one as fundamental as sort. To define and motivate the sorting problem, let us consider first the following example of merging
two large XML documents.

XML plays an important role in delivering data over the
Internet, and the need to store and manipulate XML in its
native format has become increasingly relevant. This growing need necessitates work on developing native XML operators, especially for one as fundamental as sort. In this paper we present N E XS ORT, an algorithm that leverages the
hierarchical nature of XML to efficiently sort an XML document in external memory. In a fully sorted XML document,
children of every non-leaf element are ordered according
to a given sorting criterion. Among N E XS ORT’s uses is in
combination with structural merge as the XML version of
sort-merge join, which allows us to merge large XML documents using only a single pass once they are sorted.
The hierarchical structure of an XML document limits the number of possible legal orderings among its elements, which means that sorting XML is fundamentally
“easier” than sorting a flat file. We prove that the
I/O lower bound for sorting XML in external memory
is Θ(max{n, n logm (k/B)}), where n is the number of
blocks in the input XML document, m is the number of main
memory blocks available for sorting, B is the number of
elements that can fit in one block, and k is the maximum
fan-out of the input document tree. We show that N E XS ORT performs within a constant factor of this theoretical
lower bound. In practice we demonstrate, even with a naive
implementation, N E XS ORT significantly outperforms a regular external merge sort of all elements by their key paths,
unless the XML document is nearly flat, in which case N E XS ORT degenerates essentially to external merge sort.

Example 1.1 (Merging XML documents) Shown on the
top of Figure 1 are two XML documents that we wish to
combine. D1 comes from the personnel department of a fictitious company and contains personal information of employees. D2 comes from the payroll department and contains salary information. The company has many branches
in different regions, and employees are organized accordingly. Intuitively, we want to merge matching employee elements in D1 and D2 into one that contains both personal
and salary information. The matching employee elements
should have the same ID and belong to matching branch elements, which in turn belong to matching region elements.
This merge operation is analogous to performing a “join”
(strictly speaking, an outerjoin) of two tables. A naive approach corresponds to the nested-loop join method. For
each employee element, we find the matching element in
the other document by traversing through the matching region and branch elements. This approach may be acceptable
when D1 and D2 fit in internal memory. However, when
dealing with large XML documents, this approach perform
poorly because it generates element access patterns that do
not at all correspond to the natural depth-first element ordering of disk-resident XML documents. For example, looking
for a particular branch in a region requires scanning half of
the region subtree on average, unless there is an additional
index.
A much more efficient solution that works well in external memory corresponds to the sort-merge join method.
We first sort both input documents such that for any company, region, or branch element, the list of child elements
is ordered according to the same criterion for both documents. This ordering criterion should be based on the attributes used in matching, as illustrated in Figure 1. Then,
we can perform merge in a single pass over both sorted
documents. This approach also can be adapted to preserve
the original document ordering (by recording an additional

1 Introduction
Because of its portability and flexibility, XML is rapidly
becoming a standard format for exchanging data over the
Internet. However, as a relatively new data model, XML
does not yet have as strong a theoretical foundation as the
relational model. The current set of operations for XML
data is still limited and often implemented on top of relational databases, which adds the overhead of converting
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Figure 1. Merging XML documents.
sequence number attribute for each child element and performing a final sort according to this sequence number). 2

impact our discussion in any major way, and we show how
to lift it in Section 3.2.

Another application of sorting is processing batch updates to an existing XML document. Assume that the existing document is already sorted. We first sort the batch of
updates according the same ordering criterion as the existing document. Then, we can process the batched updates in
a way similar to merging them with the existing document.
The result document remains sorted.
Note that we need to sort recursively on every level down
to the one required by merge. Hence, what we mean by
“sorting XML” is interestingly different from many other
notions of sorting XML (or hierarchical data in general) discussed in the literature. We defer the detailed comparison to
Section 2. For simplicity of presentation, we shall assume
that we sort “from head to toe” (i.e., all the way down to
the leaf level). That is, in a fully sorted XML document, for
every non-leaf element, the list of children is ordered according to some given criterion. This assumption does not

The major challenge in sorting XML in external memory is to minimize the number of I/O’s while capitalizing
on the hierarchical nature of XML. The document hierarchy limits the number of possible legal orderings among
elements, because any legal ordering should preserve all
parent-child relationships in the original document. For example, it does not make sense to permute an employee element out of its parent branch element to become an employee of another branch. Thus, sorting XML is fundamentally “easier” than sorting a flat file. In this paper, we
show that the I/O lower bound for sorting XML in external memory is Θ(max{n, n logm (k/B)}), where n is the
number of blocks in the input XML document, m is the
number of main memory blocks available for sorting, B
is the number of elements that can fit in a block, and k is
the maximum fan-out of the document tree (i.e., the maximum number of children that any element can have). This
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Key path
/
/NE
/AC
/AC/Durham
/AC/Durham/454
/AC/Durham/323
/AC/Durham/323/name
/AC/Durham/323/phone
/AC/Atlanta

bound is obviously lower (and potentially much lower) than
the well-established bound of Θ(n logm n) for sorting a flat
file, since n = N/B > k/B, where N is the number of
elements in the input.
Existing approaches to sorting XML either do not work
well in external memory or fail to take full advantage of
the document structure. Consider the following two popular
algorithms:
• Internal-memory recursive sort. We read in the entire input document and convert it to some internalmemory representation (such as DOM [1]). To sort
a subtree rooted at an element, we first recursively
sort the subtree rooted at every child element. Then,
we sort the list of children, which simply involves reordering the pointers to them. This algorithm takes
full advantage of the document structure but assumes
that the entire document fits in internal memory; if not,
the performance will suffer because of constant paging
caused by excessive random accesses.

Element content
<company>
<region name="NE">
<region name="AC">
<branch name="Durham">
<employee ID="454">
<employee ID="323">
<name>Smith
<phone>5552345
<branch name="Atlanta">

Table 1. Key-path representation of D1 .
XML is almost flat. In this case, N E XS ORT degenerates
essentially to external merge sort.
The rest of this paper is outlined as follows. Section 2
discusses related work. Section 3 describes the N E XS ORT
algorithm, proves its correctness, and discusses its extensions and possible improvements. Section 4 presents both
the theoretical lower bound of XML sorting and the analysis
of N E XS ORT. Section 5 validates our theoretical analysis
with experiments. Finally, we conclude the paper in Section 6, with some ideas on future work.

• External merge sort. We read in the entire input document and generate its alternative key-path representation as shown in Table 1. The key path of an element is
the concatenation of the sort key values of all elements
along the path from the root. We assume that the sort
key value of an element is unique among its siblings
(if not, we can make it unique by appending it with the
element’s location in the input). We sort the key-path
representation using the well-known external mergesort algorithm. Encoding of key paths ensures that the
sort preserves all parent-child relationships. One problem with this approach is that it explicitly generates all
key paths. If the input XML tree is tall, the key-path
representation may potentially consume many times
more space than the original input. Furthermore, the
ubiquitous merge-sort algorithm does not take full advantage of the special key-path patterns that arise from
the hierarchical nature of the input XML. Thus, the algorithm can only achieve the lower bound for sorting
flat files, which is still higher than the lower bound for
sorting XML.

2 Related Work
XML was initially intended as a data exchange format,
but as its popularity grows, so is the need to store and
manipulate XML in a database. A number of research
projects and commercial products have tackled this problem using different approaches. One approach, exemplified
by [9, 15, 8], is to convert XML into relational data to be
stored and queried using a relational database system in the
backend. An alternative approach, exemplified by [12, 13],
is to develop a native XML database with special support
and optimization for XML data. Our work can be broadly
classified as taking the second approach.
The problem of merging XML documents, one of the
main motivations for sorting, is considered by Tufte and
Maier [17, 16]. They focus on formally defining the semantics of the merge operator, which in general can be
much more powerful than the simple version described in
our example. The deep union operator proposed by Buneman et al. [7] is also a simpler version of the general merge
operator. Our work complements theirs in providing an
I/O-efficient sorting-based implementation for simple yet
common merge operations. Our key-path representation of
XML data is similar to the path-set representation in their
work [7, 17].
A number of projects consider the problem of sorting
XML or hierarchical data. However, as mentioned earlier,
sorting means different things for these projects. Earlier
work on implementing the NF2 data model [11, 14] predates
XML, but does address the problem of sorting hierarchical
data. The NF2 model allows attributes of tuples to contain

In this paper, we propose an algorithm called N E XS ORT
(for Nested Data and XML Sorting) that solves the problems of the existing algorithms mentioned above. It is both
I/O-efficient and structure-aware. It is simple to implement and has an I/O complexity that matches the theoretical
lower bound (up to a constant factor) when either k ≥ B α
or M ≥ B α , where M is the number of elements that can fit
in internal memory and α > 1 is a constant. In practice, we
demonstrate that even with a naive implementation, N E XS ORT significantly outperforms the regular external merge
sort in most cases. The obvious exception is when the input
3

complex objects including lists of other tuples. The sorting
problem studied in this context focuses on handling complex ordering criteria that may be recursively defined (e.g.,
the ordering of employees is defined according to the ordering of their names, which is in turn defined according to the
last and first name components). The problem of sorting
nested data recursively on every level is not considered.
XSort, described in [6], is an XML sorting algorithm
that solves a different and simpler problem than N E XS ORT.
XSort traverses the document tree to some user-specified elements and then sorts their children; the child subtrees are
not sorted recursively. XSort is implemented as standard
external merge sort. The hierarchical nature of XML is irrelevant in this case because sorting is done on only one
level. Obviously, XSort sorts less, and should complete in
less time than N E XS ORT. However, XSort does not lend
itself well to solving the structural merge problem.
XQuery [3] includes an order by clause that allows results of queries (or subqueries) to be output in a specific
order. This clause sorts the sequence of result XML fragments, but does not recursively sort the fragments themselves. Nevertheless, with the help of DTD’s, “head-to-toe”
XML sorts can be expressed in XQuery using explicitly
specified nested order by clauses. Our work provides an
efficient algorithm for processing such queries.
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Figure 3. Tree of sorted runs.
Conversely, if the size of a subtree is below the sort
threshold, N E XS ORT simply leaves it alone and keeps scanning the input until a sufficiently large subtree is detected.
This large subtree, which includes the small subtree that we
have left alone, will then be sorted. This situation is illustrated in Figure 2 for the subtree rooted at Y , which is
sorted as part of a large subtree rooted at X. Assuming that
the maximum fan-out of the input document tree is k, we
know that any subtree we sort must have size less than kt,
because otherwise one of its child subtrees must have size
no less than t and would have been sorted already.
Conceptually, N E XS ORT processes the input document
bottom-up, collapsing subtrees into their roots until only
the root of the entire tree remains. At this point, we have
a collection of sorted runs on disk, connected together by
pointers (one for each subtree sort) into a tree as shown in
Figure 3. In the output phase, N E XS ORT simply performs
a depth-first traversal of this tree to generate the final sorted
document.
Intuitively, both N E XS ORT and external merge sort follow a divide-and-conquer approach, breaking a large input
into smaller pieces to sort first. However, external merge
sort has to work to merge the results of smaller sorts. In
contrast, N E XS ORT does not need any additional work on
sorted subtrees (except outputting them in output phase).
This difference is the primary source of N E XS ORT’s performance improvement over external merge sort.

N E XS ORT

On the highest level, N E XS ORT consists of two phases:
sorting and output. We first describe the general idea behind N E XS ORT and then present the detailed algorithm in
Section 3.1. Section 3.2 discusses possible extensions and
optimizations to the algorithm.
In the sorting phase, N E XS ORT scans the input document (in its natural depth-first order) and sorts complete
subtrees of sufficient sizes. A subtree rooted at a given
element encompasses the element together with all its descendents. During the scan, N E XS ORT detects complete
subtrees and decides whether to sort them. The decision
is based on whether it is worth allocating disk block(s) to
store the sorted result, which we call a sorted run. Specifically, N E XS ORT sorts a subtree only if its size is no less
than the sort threshold, t, a parameter tunable by the user.
Typically, t should be no less than the block size in order to
avoid uneconomical partial block I/O’s.
Once a subtree has been sorted and written to disk as a
sorted run, N E XS ORT replaces the subtree with just its root
element (with no descendents) and records in this element a
pointer to the disk location of the sorted run. This operation
is illustrated in Figure 2 for the subtree rooted at element
Z. The operation effectively “collapses” an entire subtree
into a single element, reducing the number of elements to
be processed later by the algorithm. The sorted run will not
be accessed again until the output phase.

3.1 Algorithm
Before presenting the algorithm, we first describe the
three data structures involved.
• A data stack stores the elements to be sorted in the sorting phase.
• A path stack records, for the element currently being
scanned in the sorting phase, the start locations of this
element and its ancestors on the data stack. This information is used to compute the size of subtrees.
• An output location stack is used in the output phase
to implement recursive processing of the tree of sorted
runs.
Since these stacks may become quite large during execution (potentially larger than internal memory), we imple4
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Figure 2. Sorting complete subtrees.
Fortunately, it is not difficult to modify N E XS ORT to
remove this overhead. The idea is to relax the requirement
of sorting only complete subtrees. Whenever an incomplete
subtree has filled internal memory, we sort it in internal
memory and create an incomplete sorted run, instead of
continuing to scan until the subtree is complete. Unlike
regular sorted runs for complete subtrees, which do not
need to be accessed again until the output phase, incomplete sorted runs for the same subtree must be merged to
produce a regular, complete sorted run. Effectively, we
have incorporated the first step of creating initial sorted
runs for external merge sort into the loop of Line 2. With
this optimization, N E XS ORT completes with the same
number of passes as external merge sort for flat input
documents.

ment them as external-memory data structures, capable of
paging blocks in and out of internal memory as needed. To
bound the number of the I/O’s, we assume a no-prefetch
paging policy, i.e., a block of stack in external memory will
not be paged in unless something on this block needs to be
popped. In order to guarantee the worst-case performance
(analyzed in Section 4.2), we assume that at least two blocks
of internal memory are allocated to the path stack, and at
least one block each is allocated to the data and output location stacks.
The detailed algorithm is in Figure 4. Pseudo-code for
the sorting phase closely follows the earlier discussion. The
loop on Line 2 can be implemented using a simple eventbased XML parser (e.g., SAX [2]). Depending on the actual size of the subtree, sorting on Line 11 may use either
an internal-memory algorithm or an external-memory algorithm, e.g., internal-memory recursive sort or key-path external merge sort discussed in Section 1, respectively.
Pseudo-code for the output phase may seem more complicated than necessary because it implements recursive tree
traversal manually using a stack. The reason for doing so is
that we wish to control I/O’s explicitly in the rare case that
the call stack grows bigger than the internal memory. This
explicit control allows for a more rigorous analysis in Section 4.2.

Depth-limited sorting. A feature mentioned in Section 1
but missing from the algorithm in Figure 4 is that of depthlimited sorting, useful under conditions where sorting XML
“from head to toe” would be overkill. This feature allows
a user to specify a depth at which to stop recursive sorting.
Subtrees below this depth are treated as atomic units and
left internally unsorted, although they are still sorted relative to the remainder of the document. Depth-limited sorting comes with the expectation that the user is particularly
aware of the DTD or the contents of the XML documents.
When merging two XML documents, for example, the user
may know a depth below which no overlap of information is
possible. Performing depth-limited sorting in this case can
prevent a good amount of irrelevant sorting.
It is straightforward to modify N E XS ORT to support
depth-limited sorting. Let the root be at level 1. Suppose
d is the sorting depth limit, i.e., subtrees rooted below level
d do not need to be sorted. Before Line 9, we compute ds ,
the level of the subtree being considered, as the length of the
path stack plus 1. On Line 9, we add to the sorting condition an additional check that ds ≤ d + 1. This check avoids
breaking up subtrees below the sorting depth limit unnecessarily. Furthermore, the sorting algorithm on Line 11 needs
to support depth-limited sorting as well. To be specific, it
only needs to sort up to the top d + 1 − ds levels of the

3.2 Extensions and Optimizations
For simplicity of presentation and ease of analysis, the
algorithm presented in Figure 4 omits many possible extensions and optimizations, which we now describe below.
Graceful degeneration into external merge sort.
Clearly, if the input XML document is simply flat (i.e., with
only two levels, the root and its children), we cannot hope
N E XS ORT to do better than external merge sort. However,
we can at least make N E XS ORT degenerate gracefully
into external merge sort. The version of N E XS ORT in
Figure 4 does not have this property. When sorting a flat
XML document, N E XS ORT scans and pushes the entire
document onto the data stack, only to pop the document
out again for sorting. The initial pass is basically wasted.
5

// Sorting phase:
Initialize both data and path stacks to empty;
Loop until end of the input XML:
Read a unit of XML data (i.e., a start tag, and end tag, or a piece of text);
Push the data onto data stack;
If a start tag was encountered:
Push its location on the data stack onto the path stack;
If an end tag was encountered:
Pop location l from path stack;
If the difference between the current location of data stack and l is greater than t, or
if l = 1 (we have finished scanning the input):
Pop the subtree (starting from location l) from data stack;
Sort this subtree and write the result in a sorted run;
Push the root element of the subtree back onto data stack,
together with a pointer to the sorted run;
// Output phase:
Initialize output location stack with entry (s, 0), where
s is the pointer to the root sorted run (found on the top of data stack);
While output location stack is not empty:
Pop (s, l) from output location stack;
Start after location l in the sorted run pointed to by s, loop until end of the sorted run:
Read a unit of XML data;
If a pointer s0 to another sorted run was encountered:
Push (s, the current location within the sorted run) onto output location stack;
Go to Line 16 with s = s0 and l = 0;
Output the data just read;
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Figure 4. Algorithm N E XS ORT.
subtree. If ds = d + 1, no sorting is needed but the subtree
is still written to disk, ensuring that we do not “carry” large
subtrees along that increase the costs of higher-level sorts.

on the path stack, we replace it by its result. When we encounter the end tag of any element e, we will have accessed
all the data necessary for evaluating e’s ordering expression,
and its result will be found on the path stack. This result can
be pushed on to the data stack together with the end tag and
used for sorting.
The above approach does not work if an element e’s ordering expression cannot be evaluated with a single pass
over e’s subtree (e.g., median of employee/salary), or if
the ordering expression references data other than e’s descendents and ancestors (e.g., an XPath expression that follows IDREF’s). We plan to investigate such ordering expressions as future work.

Complex ordering criteria. So far, we have assumed
simple ordering criteria that can be evaluated for each element using its tag name and/or attribute values without
accessing its subtree. More complex ordering criteria often arise and may need to be evaluated in the context of
subtrees, e.g., order employee elements by the value of
the ordering expression personalInfo/name/lastName.
In general, if an ordering expression for an element can
be computed from its ancestors and/or a single pass over
its subtree using constant space, then N E XS ORT can be
adapted to evaluate this expression. During the sorting
phase, we can augment the path stack with copies of the
elements along the current path, which provide the necessary context for evaluating ordering expressions based on
ancestors. To handle ordering expressions over subtrees,
we can further augment the path stack with the ordering expressions to be evaluated for the elements along the current
path. We evaluate these expressions while processing the
subtree. Once we finish evaluating an ordering expression

XML compaction techniques. XML is not a particularly
compact data representation format. A document usually
contains many repeated occurrences of labels such as tag
and attribute names, which can be compressed in some
manner to reduce the size of input for sorting. For example, each unique string can be converted to an integer before
sorting and back during output. The availability of a DTD
can greatly simplify this conversion.
Also, labels inside end tags can be eliminated since they
6

treated in the same way for the purpose of analysis.

merely repeat the same information in matching start tags.
In fact, we can eliminate end tags altogether if we keep level
numbers with start tags. Specifically, when we encounter a
start tag while scanning the input XML document, we push
the tag onto the data stack together with the level number
of the element (which can be determined from the current
length of the path stack). End tags in the input still trigger sorting decisions, but are not themselves pushed onto
the data stack. During the output phase, end tags can be
recovered using the intuition that in a series of start tags,
any transition from a start tag on level l1 to a start tag on the
same or a higher level l2 , where l2 ≤ l1 , must have l1 −l2 +1
end tags in between to close elements on lower levels. To
be able to output these end tags, we maintain a structure
similar to the path stack, which records the tag names and
level numbers of unclosed open tags during output. Upon
seeing the transition from a start tag on level l1 to a start tag
on level l2 ≤ l1 , we pop the top l1 − l2 + 1 entries from the
stack and generate their corresponding end tags.

4.1 Lower Bound for Sorting XML
We now establish a lower bound for sorting XML in external memory, using the comparison model of computation. First, we determine the number of possible outcomes
of sorting an XML document. Next, we derive the minimum of I/O’s required by any algorithm to pick the correct
sorting outcome among all possible ones.
The number of possible outcomes of sorting a flat file of
N elements is N !. However, an XML document with the
same size may have far fewer possible sorting outcomes,
since any legal ordering of the elements must preserve all
parent-child relationships in the original document. With
the following two lemmas, we determine the number of possible sorting outcomes for an XML document with N elements and a maximum fan-out of k. Lemma 4.1 shows that
a particular XML structure (one that tries to max out fanouts everywhere as much as possible) offers the maximum
number of possible sorting outcomes. This structure would
be the one that an adversary would pick for any XML sorting algorithm. Lemma 4.2 then computes the number of
possible sorting outcomes for this structure.

4 I/O Analysis
We now present the I/O complexity analysis of N E XS ORT and the XML sorting problem in general. The bounds
are given in terms of the number of I/O’s (or disk accesses), the primary metric for measuring the performance
of external-memory algorithms. We use the standard notation of the external memory model [4], which includes the
following parameters:

Lemma 4.1 An XML document with N elements and a
maximum fan-out of no more than k has the maximum
number of possible sorting outcomes if at most one element
has neither 0 nor k children.
2

• N : number of elements in the input XML document;
• B: number of elements that can fit in one block;

Proof: Suppose, on the contrary, this document has two
elements, X and Y , with x and y children respectively,
where 0 < x ≤ y < k. The number of possible sorting
outcomes for this document is P · (x!) · (y!), where P is
the contribution from the rest of the document structure
(or more specifically, the product of factorials of all other
elements’ fan-outs). We construct a new document from
the original one as follows. If x = 1, we promote X’s only
child to take X’s place, and then make X a child of Y . If
x > 1, there must exist a child of X that is not Y or Y ’s
ancestor; we transfer this child (together with the subtree
rooted at this child) from X to Y . In either case, the new
document still has N elements, and its maximum fan-out
is still no more than k. The number of possible sorting
outcomes for the new document is P · (x − 1)! · (y + 1)!.
Compared with the original document, the number has
increased by a factor of y+1
> 1, which contradicts the
x
fact the original document has the maximum number of
possible sorting outcomes.
2

• M : number of internal memory blocks available.
In addition, to capture roughly the “flatness” of the input
XML document, we use the following parameter:
• k: maximum fan-out of the input XML document, i.e.,
the maximum number of children for any element.
To simplify the analysis, we assume that all elements
have equal size. For a non-leaf element, we define its size to
be the total size of its start and end tags. This size includes
the element’s label name, attribute names, and attribute values; it does not recursively include the size of the children.
The assumption of equal-sized elements does not limit the
applicability of our analysis at all. The reason is that we can
consider, for the purpose of analysis, any large element X
as a chain of smaller, equal-sized elements X0 , X1 , X2 , . . .,
where each element (Xi ) is the only child of the previous
element (Xi−1 ). N E XS ORT would still work in the same
way. Furthermore, N now correctly captures the total size
of the input document, and k remains the same as the original document (since the chain we introduced has a fan-out
of 1 and therefore cannot increase the maximum global fanout). Note that leaf elements with long text contents can be

Lemma 4.2 The number of possible sorting outcomes
for an XML document described in Lemma 4.1 is
(k!)b(N −1)/kc · ((N − 1) mod k)!.
2
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1 is a multiple of k, so this number becomes (k!)(N −1)/k .
According to Lemma 4.3, the number of I/O’s T required to
generate this number must satisfy the following inequality:

Proof: It is easy to see the total number of possible outcomes is the product of factorials of the all fan-outs in the
document tree. The sum of all fan-outs is equal to the total
number of edges in the tree, which is N − 1 for any tree.
For the tree described in Lemma 4.1, all non-zero fan-outs
are equal to k except one. Therefore, there are b(N − 1)/kc
fan-outs that are equal to k and possibly one that is equal
to (N − 1) mod k. Taking the product of factorials of all
these fan-outs, we get (k!)b(N −1)/kc · ((N − 1) mod k)!. 2

(B!)N/B

 T
M
> (k!)(N −1)/k .
B

Taking logarithms of both sides and solving for T , we get
T

Next, we derive the minimum number of I/O’s required
for any algorithm to choose the correct sorting outcome
from all possible ones. First, we analyze how many possible outcomes an algorithm can possibly distinguish after
performing a given number of I/O’s. The following lemma
and its proof technique are both extracted from [4], where
they were used in deriving a lower bound for sorting flat
files.

>
≥
=

N −1
k

ln(k!) −
ln

N −1
k

N

B
M

ln(B!)

B

ln(k!) − N
B ln(B!)
B ln M − ln(B!)

N
·
B

(since

M
B

T

Proof:
Consider an input of one block containing B
elements from external memory. If these B elements were
previously output together during an earlier output, we
may assume that their relatively ordering is already known
(because all comparisons among them would have been
carried out while they were in internal memory). Before the
input, there are at most M − B other elements in internal
memory, and their relatively ordering is also known. After
the input, the algorithm can determine the ordering
 of all M
elements in internal memory, giving rise to M
B possible
outcomes. If the B elements were not previously output
together (i.e., they are read for the first time), then there
is an additional factor of B! for possible outcomes; this
case arises only once for each of the N/B input blocks. To
summarize, the total number of possible outcomes that can
T
. 2
be generated after reading T blocks is (B!)N/B M
B

≤

MB
B! )

(N −1)/N
k

ln(k!) − B1 ln(B!)
.
ln M − B1 ln(B!)

From Stirling’s formula, we have ln n − 1 <
ln n, allowing us to simplify the above to

Lemma 4.3 (Aggarwal and Vitter [4]) After reading T
blocks from external memory, any algorithm can generate
T
at most (B!)N/B M
possible outcomes.
2
B



1
n

ln(n!) <

N −1
N (ln k

− 1) − ln B
ln M − (ln B − 1)

>

N
·
B

=

k
N ln Bk − N −1+ln
N
·
.
B
ln M
B +1

(1)

We can reasonably assume that M > eB (i.e., there are at
least three main-memory blocks available), so the denominator in Expression (1) is less than 2 ln M
B . For the numerk
k
k
≥ 4, so ln B
− N −1+ln
>
ator, if k ≥ e4 B, then ln B
N
k
1
k
ln B − 2 ≥ 2 ln B . Hence, in this case, Expression (1) can
be simplified into:


k
N
log M
.
Θ
B B
B
Furthermore, since any algorithm must read the entire input
at least once, the bound should be no less than N
B . Therefore, the final bound is


N N
k
log M } .
Θ max{ ,
B B
B B

Combining Lemmas 4.2 and 4.3, we obtain the following
lower bound for XML sorting.

This check ensures that the bound is meaningful when k
is small. In particular, if k < e4 B, the bound above is
equivalent to Θ( N
2
B ), which obviously holds.

Theorem 4.4 In the worst case, the minimal number of
I/O’s required to sort an XML document with N elements
and a maximum fan-out of k is


k
N N
log M } .
Θ max{ ,
B B
B B

4.2 Performance of N E XS ORT
We now turn to the I/O analysis of N E XS ORT with a sort
threshold of t ≥ B given an input XML document with N
elements and a maximum fan-out of k. Because of the hierarchical structure of XML, the I/O pattern of N E XS ORT
is significantly more complicated than that of regular external merge sort. N E XS ORT needs to perform I/O’s not only

2
Proof: According to Lemma 4.2, the number of possible outcomes in the worst case is (k!)b(N −1)/kc · ((N −
1) mod k)!. Without loss of generality, we assume that N −
8

Compared with the theoretical lower bound given in Theorem 4.4, the only real difference is the arguments to the
logarithm function (k versus k/B). Although these arguments differ by a factor of B, the two bounds differ
only by a constant factor if k ≥ B α or M ≥ B α for
some constant α > 1. The reason is the following. If
1
1
k ≥ B α , log k = α−1
log(k α /k) ≤ α−1
log(k α /B α ) =
α
α
If k < B and M ≥ B α , both
α−1 log(k/B).
logM/B k and logM/B (k/B) are bounded by constants,
so both bounds become Θ(N/B). More specifically,
α
, and logM/B (k/B) <
logM/B k < logB α /B B α = α−1
α
logB α /B (B /B) = 1.
Before presenting the lemmas and their proofs in support of Theorem 4.5, we need some additional notation.
Suppose that N E XS ORT performs a total of x subtree sorts
with s1 , . . . , sx elements each, where B ≤ t ≤ si <
min{kt, N } for i = 1, . . . , x, as discussed in Section 3.
The first three lemmas provide some useful facts that are
used in other proofs.
Px
2
Lemma 4.6
i=1 si = N − 1 + x.

for sorting per se, but also for bookkeeping, such as paging
of various stacks. For example, since the path stack and the
output location stack may get arbitrarily deep for a tall XML
tree, parts of them may need to be paged in and out of the
internal memory as needed. A careful analysis of their associated costs is not trivial and in fact is quite a stimulating
task.
In the following, we first provide a detailed breakdown of the I/O’s incurred by N E XS ORT, together with an
overview of the analysis. We then present the worst-case
I/O complexity of N E XS ORT in Theorem 4.5, followed by
a comparison with the theoretical lower bound derived in
Section 4.1. Finally, we present the lemmas and proofs that
support Theorem 4.5.
During the sorting phase, N E XS ORT incurs the following I/O costs:
• Reading the input. This cost is obviously O(N/B).
• Sorting subtrees (excluding costs related to operations
on the data stack but including the cost of writing
out sorted runs). The total number of I/O’s spent on
}
d min{kt,N
e) according to
subtree sorts is O( N
B log M
B
B
Lemma 4.9, to be presented later in this section. This
cost is the most significant component in the overall cost
of N E XS ORT.
• Paging the data stack. This cost is O(N/B), as we will
see in Lemma 4.10.
• Paging the path stack. This cost is also O(N/B), according to Lemma 4.11.
During the output phase, N E XS ORT incurs the following
I/O costs:

Proof: Follows directly from the observation that the i-th
subtree sort has the effect of collapsing si elements into
one, and that N E XS ORT completes when all N elements
have been collapsed into one.
2

Px

Proof: Since si ≥ t, N − 1 + x =
i=1 si ≥ xt,
−1
which implies that x ≤ Nt−1
. Because t ≥ B, we have
x = O(N/t) = O(N/B) for any reasonable value of B
(i.e., greater than 1).
2

• Reading blocks in sorted runs. Although each sortedrun block may be read multiple times, the total number
of accesses is still O(N/B) according to Lemma 4.12.
• Paging the output location stack. This cost is O(N/t),
as we will see in Lemma 4.13.
• Writing the output. This cost is obviously O(N/B).
Combining these results, we have the following theorem:

LemmaP4.8 The total number of blocks taken by all sorted
x
runs is i=1 dsi /Be = O(N/B).
2
Px
Px
N −1+x
+x
Proof:
i=1 dsi /Be <
i=1 (si /B + 1) =
B
according to Lemma 4.6, which in turn is O(N/B) according to Lemma 4.7.
2

Theorem 4.5 In the worst case, the total number of I/O’s
that N E XS ORT uses to sort an XML document with N elements and a maximum fan-out of k is


N
min{kt, N }
N
+
log M d
e ,
O
B
B
B
B
where t is the sort threshold used by N E XS ORT.

2

Lemma 4.7 x = O(N/t) = O(N/B).

Lemma 4.9 The total number of I/O’s spent by N E XS ORT
min{kt,N }
on subtree sorts is O( N
e).
2
B log M d
B
B

Proof: Consider the x subtree sorts. The i-th subtree sort
requires O(d sBi e log M d sBi e) I/O’s. Therefore, the total numB
ber of I/O’s incurred by subtree sorts is

2

 s
si 
i
O d e log M d e
B
B
B
i=1
!
x 
X
si
min{kt, N }
e
d e log M d
O
B
B
B
i=1
x
X

Proof:
Follows directly from the analysis above and
Lemmas 4.9– 4.13.
2
With the natural choice of sort threshold t = B, the
N
bound above becomes O( N
B + B logM/B min{k, N/B}).

=
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=
=

!
!
x
X
si
min{kt, N }
e
O
d e log M d
B
B
B
i=1


min{kt, N }
N
log M d
e . (Lemma 4.8)
O
B
B
B

Lemma 4.12 The total number of I/O’s spent by NE X2
S ORT on reading blocks in sorted runs is O(N/B).
Proof: Consider a block b in a sorted run. Suppose that the
number of pointers (to other sorted runs) found in b is p(b).
The number of times that b is accessed is 1 + p(b), because
N E XS ORT remains on the same block unless a pointer is
encountered or the block is finished. Therefore, the total
number of accesses to sorted-run blocks can be obtained
by summing 1 + p(b) over each sorted-run block b. The
result is the total number of sorted-run blocks plus the total
number of pointers found in sorted-run blocks. The first
term is O(N/B) according to Lemma 4.8. The second
term is the number of sorted runs (x) minus one (the root
run), which is O(N/B) acording to Lemma 4.7. Hence,
the total is O(N/B).
2

2
Lemma 4.10 The total number of I/O’s spent by NE XS ORT on paging the data stack is O(N/B).
2
Proof: We focus on counting the number of page-in’s,
since the number of page-out’s cannot be more than
this number (every block that is paged out is eventually
paged in). A block of the data stack is paged in only
in two cases: (1) the block needs to be read and sorted
as part of a subtree sort, and (2) the block needs to be
written with the pointer to a sorted run. For the first
case,
total number of I/O’s
be more than
Px cannot
Px the
si
si
N −1+x
i=1 (b B c + 2) ≤ 2x +
i=1 B = 2x +
B
(Lemma 4.6). For the second case, the total number of
I/O’s cannot be more than x. Therefore, the grand total is
no more than 3x + N −1+x
= O(N/B) (Lemma 4.7). 2
B

Lemma 4.13 The total number of I/O’s spent by NE XS ORT on paging the output location stack is O(N/t).
2
Proof: In the worst case, the number of I/O’s incurred
by paging is no more than the number of push and pop
operations. We focus on counting the number of pushes,
since it should be the same as the number of pops. Note
that N E XS ORT only pushes a location to the output location stack when a pointer to a sorted run is encountered.
Therefore, the total number of pushes is the total number of
pointers to sorted runs, which is the number of sorted runs
(x) minus one (the root run). According to Lemma 4.7, this
number is O(N/t).
2

Lemma 4.11 Assume that N E XS ORT devotes two blocks
of internal memory to the path stack, and each block can
hold B path elements. The total number of I/O’s spent by
2
N E XS ORT on paging the path stack is O(N/B).
Proof: Again, we focus on counting the number of pagein’s, since the number of page-out’s cannot be more than
this number. A block p of the path stack is paged in only
when we have encountered the end tag of the element (let
us call it e) pointed to by the B-th (last) path element on p.
Otherwise, there is no need to access p. Furthermore, with
two blocks of internal memory devoted to the path stack, p
cannot have been paged out (and therefore do not need to
be paged in) unless e has at least one descendent more than
distance B away. Therefore, the total number of pages-in’s
is equal to the number of what we call fringe elements in
the input document. Assuming that the root element is at
level 1, a fringe element is a level-(iB) element (i ≥ 1)
with at least one descendent more than distance B away.
Note that for each fringe element at level iB we can choose
B − 1 descendents by following the path to the descendent
that is more than distance B away, and stopping right
above level (i + 1)B. This set of B − 1 descendents
do not include fringe elements, nor descendents chosen
for other fringe elements. Hence, the total number of
elements in the input document must be no less than B
times the number of fringe elements, which implies that
the number of fringe elements cannot be more than N/B. 2

5 Experimental Results
To evaluate the effectiveness of N E XS ORT we have implemented both N E XS ORT and external merge sort using
TPIE (Transparent Parallel I/O Environment [5]). TPIE
supports explicit control and detailed accounting of I/O operations, as well as easy adjustment of the amount of main
memory available to application programs. Our experiments are carried out on a 400 MHz Sun Sparc 10 running
SunOS 5.8 with 256 MB of RAM. We use TPIE to set the
application memory to be smaller than this amount in all
experiments. The size of one memory block is 64 KB.
We implement some of the XML compaction techniques
in Section 3.2, including compression of tag names and
elimination of end tags, for both N E XS ORT and external
merge sort. We have not implemented the optimization
that allows N E XS ORT to degenerate gracefully into external merge sort. Thus, we expect N E XS ORT to perform
worse than external merge sort for inputs that are nearly
flat. Overall, we have not hand-optimized our code. Coupled with the overhead of our runtime environment (a cost
10
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Figure 5. Effect of sort threshold.

Figure 6. Effect of main memory size.

of its flexibility) and low-end hardware, our code may not
deliver good absolute running times, but the relative running times compared with external merge sort still clearly
demonstrate the benefits of N E XS ORT.
We generate our test data using the IBM alphaWorks
XML Generator [10] and an XML generator developed by
ourselves. The IBM generator allows us to specify height
and maximum fan-out for the document to be generated.
The fan-out of each element is a random number between 1
and the specified maximum. Our custom generator allows
us to specify the exact fan-out for each level, giving us more
precise control over the shape and the size of the generated
document. All test data has an average element size of about
100 bytes.

external merge sort, which fails to take advantage of the
structure within subtrees. The optimal threshold, as shown
in Figure 5, is roughly five times the block size, but still far
less than the size of main memory. We use this threshold
value in the following experiments.
Effect of main memory size. In this experiment, we run
N E XS ORT and external merge sort with a range of main
memory sizes, with the dual purpose of comparing the performance of the two algorithms and studying the relative
impact of main memory on each of them. The input document is the same one used in the previous experiment.
The running times are graphed in Figure 6. N E XS ORT
outperforms external merge sort at all memory levels by
20% to 30%. As memory increases, N E XS ORT improves
only marginally, whereas external merge sort significantly
improves whenever a critical level is reached (which reduces the number of passes by one). This result demonstrates an important difference between the two algorithms.
When fan-outs are small, N E XS ORT is not very dependent
on main memory size, because it performs few sorts that actually require all of memory. External merge sort, however,
always uses as much memory as possible.

Effect of sort threshold. Recall that N E XS ORT only
sorts a subtree if its size is no less than the sort threshold
t. Our asymptotic analysis in Section 4.2 suggests that it
is best to set t as small as possible (but no less than the
block size) in order to reduce the logarithmic term in the
bound. However, our intuition suggests that a somewhat
larger threshold might yield better performance by cutting
down on the overhead of doing a large number of smaller
sorts, while still avoiding large external-memory sorts that
require extra passes. In the first experiment, we set out to
find the best choice of sort threshold for an input document
generated by the IBM generator. This document has 6 levels (including root) and a maximum fan-out of 51. It contains about 16 million elements taking a total of 1.8 GB.
We run N E XS ORT with different thresholds and plot the
running times in Figure 5. We conduct two test runs with
4 MB (64 blocks) and 8 MB (128 blocks) of main memory,
respectively. The results confirm our intuition. When the
threshold is small, there is a significant amount of overhead
caused by many small sorts. When the threshold becomes
too large, performance begins to degrade because N E XS ORT is sorting large subtrees with multiple levels using

Effect of input size with constant maximum fan-out.
Next, we use our custom generator to construct a series of
XML documents with increasing size and a constant maximum fan-out. All documents have 5 levels; elements on
the top 3 levels have a constant fan-out of 45. The fan-out
on level 4 varies across the documents from 5 to 40. The
resulting document size varies from 55 MB to 374 GB. We
run N E XS ORT and external merge sort with 4 MB of main
memory and plot the running times in Figure 7. As the size
of the input increases, the running time of N E XS ORT increases roughly linearly, confirming our performance analysis of N E XS ORT in Section 4.2, which derives a logarithmic multiplicative factor of logM/B dkt/Be that is indepen11
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Table 2. Input document shapes.
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dent of the input size in this case. On the other hand, Figure 7 gives a slight indication that the running time of external merge sort increases superlinearly. The jump is noticeable where the input reaches 2 million elements, which
is roughly when the sort goes from two-pass to three-pass.
This result is expected because external memory merge
sort has a logarithmic multiplicative factor of logM/B N/B,
which does depend on the input size.
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Figure 8. Effect of tree shape.
sorted as part of its parent, which could mean that N E XS ORT is sorting larger subtrees than before.

Effect of input tree shape. In this experiment, we change
the tree shape of the input document while trying to keep
its size roughly constant. We use our custom generator to
construct five input documents with the number of levels
in the tree ranging from 2 to 6. Within each document,
we try to make the fan-out uniform across all elements.
Table 2 summaries the characteristics of these documents.
Figure 8 plots the running times of N E XS ORT and external merge sort with 4 MB of main memory. As the input tree grows taller, external merge sort performs slightly
worse because of both the small increase in input size as
shown in Table 2 and, most importantly, the overhead of
generating and comparing longer key paths. Note that the
two-level input is essentially a flat file. As discussed earlier, we expect our implementation of N E XS ORT to perform worse than merge sort in this case since we have not
implemented the optimization that allows N E XS ORT to degenerate into external merge sort. When the “hierarchicalness” of input reaches a critical level (4 in this case),
however, the performance of N E XS ORT significantly improves due to the decreased maximum fan-out. Between the
critical levels, however, N E XS ORT shows little improvement (and in fact occasionally slight degradation) in performance. There is an explanation for this interesting phenomenon. Namely, increased tree height does not necessarily translate into smaller subtree sorts; instead, the fanout may become just small enough to force a subtree to be

6 Conclusion and Future Work
We have presented N E XS ORT, an I/O-efficient XML
sorting algorithm that leverages the hierarchical nature of
XML to achieve better performance than regular external
merge sort. We have also derived a lower bound for sorting
XML, and shown that N E XS ORT performs within a constant factor of it. Our experimental results demonstrate that
N E XS ORT outperforms external merge sort, except when
the input XML is close to a flat file of elements. While discussed in the context of XML, our results apply to any type
of nested data in general.
We conjecture that the constant-factor difference between the theoretical lower bound and the performance of
N E XS ORT can be made smaller when k < B and M is
small. In this case, the dominating cost is not sorting but
permuting the input to generate the output. On one hand,
we will try to improve the lower bound by considering the
cost of permutation in external memory; on the other hand,
we will try to improve the upper bound by further optimizing N E XS ORT. We also plan to generalize N E XS ORT to
support more complex ordering criteria.
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