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Classification, Regression, Unsupervised Learning

Parenthesis: Supervised vs Unsupervised

• Supervised: Training samples (x, y)
• Classification: Hand-written digit recognition
• Regression: Median age of YouTube viewers for each video

• Unsupervised: Training samples x

• Clustering: Color compression
• We will not cover unsupervised learning
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About Dimensionality

Parametric H

• For polynomials, h $ c

• We wrote LT (c) instead of LT (h)

• “Searching H” means “find the parameters”
ĉ 2 argmin

c2Rm kAc � ak2

• This is common in machine learning: h(x) = h✓(x),
• ✓: a vector of parameters

• Abstract view: ĥ 2 argminh2H LT (h)

• Concrete view: ✓̂ 2 argmin
✓2Rm LT (✓)

• Minimize a function of real variables, rather than of
“functions”
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About Dimensionality

Curb your Dimensions

• For polynomials, hc(x) : X ! Y

x 2 X ✓ Rd and c 2 Rm

• We saw that d > 1 and degree k > 1 ) m � d

• Specifically, m(d , k) =
�

d+k

k

�

• More generally, h✓(x) : X ! Y

x 2 X ✓ Rd and ✓ 2 Rm

• Which dimension(s) do we want to curb? m? d?
• Both, for different but related reasons
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About Dimensionality

Problem with m Large

• Even just for data fitting, we generally want N � m, i.e.,
(possibly many) more samples than parameters to estimate

• For instance, in Ac = a, we want A to have more rows than
columns

• Remember that annotating training data is costly
• So we want to curb m: We want a small H
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About Dimensionality

Problems with d Large

• We do machine learning, not just data fitting!
• We want h to generalize to new data
• During training, we would like the learner to see a good

sampling of all possible x (“fill X nicely”)
• With large d , this is impossible: The curse of dimensionality
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Drawings and the Curse of Dimensionality

Drawings Help Intuition

COMPSCI 371D — Machine Learning Introduction to Machine Learning 8 / 16






































Drawings and the Curse of Dimensionality

Drawing and the Curse of Dimensionality

1 11−ε/2

[more in homework 2]
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Classification through Regression

Classifiers as Partitions of X

Xy

def
= h�1(y) partitions X

• Classifier = partition
• S = h�1(red square), C = h�1(blue circle)
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Classification through Regression

Classification through Regression

• Classification partitions X ⇢ Rd into sets
• How do we represent sets ⇢ Rd? How do we work with

them?
• We’ll see a couple of ways: nearest-neighbor classifier,

decision trees
• These methods have a strong geometric flavor
• Beware of our intuition!
• Another technique: level sets

i.e., classification through regression
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Classification through Regression

Level Sets

In the level set method, the dynamic structural interfaces
are implicitly embedded as the zero level set of a higher-
dimensional level set function ϕ(x, t), which is usually defined
as follows.

ϕ x; tð Þ > 0 ∀x∈Ωn∂Ω
ϕ x; tð Þ ¼ 0 ∀x∈∂Ω
ϕ x; tð Þ < 0 ∀x∈DnΩ

8
<

: ð1Þ

where x ∈D ⊂ {(x, y)| x, y ∈ℝ} is any point in the full design
domain D and ∂Ω is the boundary of the solid domain Ω as
shown in Fig. 1 for a 2-D case.

The following evolution equation is used to update the
level set function in the conventional level set method:

Vn ¼ V $ −
∇ϕ
∇ϕj j

! "
ð2Þ

∂ϕ
∂t

−Vn ∇ϕj j ¼ 0 ð3Þ

where ∇(∙) denotes the gradient of a scalar function, t is the
pseudo time representing the evolution of the level set func-
tion, and Vn = Vn(x, t) is the normal velocity towards outside
chosen based on the shape derivative of an optimization
problem.

The conventional level set method requires appropriate
choice of finite difference methods on a fixed Cartesian grid
to solve (3), which is a Hamilton-Jacobi Partial Differential
Equation (PDE). A general conventional level set
updating scheme involves upwind differencing scheme,
re-initialization, velocity extension etc. (Sethian 1999;
Osher and Fedkiw 2002).

The time step size also should be sufficiently small to sat-
isfy the Courant-Friedrichs-Lewy (CFL) condition for numer-
ical stability (Sethian 1999; Osher and Fedkiw 2002). It indi-
cates that the largest time step cannot be larger than the ratio of
the minimum grid interval to the magnitude of the velocity.
Theoretically, in structural optimization problems, the CFL
condition may limit the numerical step size. But in practical
implementation, because the updating of the level set function
in an explicit numerical scheme is much cheaper than the
finite element analysis, the level set function can be updated

several times with one finite element analysis to overcome this
limitation (Allaire et al. 2004; Dijk et al. 2013).

In the conventional strategy, the level set function should
be reinitialized frequently to maintain a signed distance func-
tion, which gives the shortest distance to the nearest point on
the interface, by using a PDE-based method (Peng et al. 1999)
or a fast marching method (Sethian 1999; Osher and Fedkiw
2002). The re-initialization is an important process in the con-
ventional level set method to keep the norm of the gradient of
the level set function constant and make the evolution stable.

Another issue of the conventional level set method is lack-
ing of the capacity to create new holes inside the material
domain, which makes it relatively easy to get stuck at a local
minimum. A general way to overcome this weakness is to put
sufficient number of holes in the initial design to keep the
complexity of the structural topology since the level set meth-
od has no difficulty in handling topology change by merging
holes (Wang et al. 2003; Allaire et al. 2004). Another way is to
incorporate nucleation strategy, e.g. the topological derivative
(Sokołowski and Żochowski 1999), to create new holes by
removing the least useful material during the optimization
iterations (Burger et al. 2004; Mei and Wang 2004; Allaire
et al. 2005). Recently, some variational level set methods have
been developed with nucleation capacity to alleviate the de-
pendency of the final solution on the initial design (Wang and
Wang 2006a; Wei and Wang 2009; Yamada et al. 2010).

More detailed discussions about the conventional level set
method can be found in (Sethian 1999; Osher and Fedkiw
2002) and in (Van Dijk et al. 2013; Deaton & Grandhi 2014)
for structural topology optimization.

2.2 Parameterized level set method (PLSM) using
RBFs

Wang andWang (2006a) andWang et al. (2007) developed an
effective approach for shape and topology optimization by
introducing the RBFs into the level set method. Therein, a
level set function is decoupled by a linear combination of a
set of RBFs and coefficients. Since RBFs are only spatial
coordinate-related, evolution of the level set function is trans-
formed to the updating of the coefficients. This method has

Fig. 1 The description of a level set function for a 2-D problem

An 88-line MATLAB code for the parameterized level set method based topology optimization using radial... 833

[Figure from Wei et al., Structural and Multidisciplinary Optimization, 58:831–849, 2018]
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Classification through Regression

Score-Based Classifiers
• Threshold some score function s(x):
• Example: 's'(red squares) and 'c'(blue circles)

• Correspond to two sets S ✓ X and C = X \ S

If we can estimate something like s(x) = P[x 2 S]

h(x) =

⇢
's' if s(x) > 1/2
'c' otherwise
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Classification through Regression

Classification through Regression

• If you prefer 0 as a threshold, let
s(x) = 2P[x 2 S]� 1 2 [�1, 1]

h(x) =

⇢
's' if s(x) > 0
'c' otherwise

• Scores are convenient even without probabilities, because
level sets are easy to work with

• We implement a classifier h by building a regressor s

• Example: Logistic-regression classifiers
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Linear Separability

Linearly Separable Categories

• Some line (hyperplane in Rd ) separates C, S

• Requires much smaller H
• Simplest score: s(x) = b + wT x. The line is s(x) = 0

h(x) =

⇢
's' if s(x) > 0
'c' otherwise
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Linear Separability

Data Representation?
• Linear separability is a property of the data in a given

representation

r

Δr

• Xform 1: x = x2
1 + x2

2 implies x 2 S , a  x  b

• Xform 2: x = |

p
x2

1 + x2
2 � r | implies linear separability:

x 2 S , x  �r
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